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Abstract— We study reinforcement learning (RL) for a
class of continuous-time stochastic linear–quadratic (LQ)
control problems, where volatilities depend on both states
and controls while states are scalar-valued and there are no
running control rewards, the last feature also leading to the
so-called indefinite LQ controls. We propose a model-free,
data-driven exploration mechanism that adaptively adjusts
entropy regularization by the critic and policy variance by
the actor. Unlike the constant or deterministic exploration
schedules employed in the existing literature, which require
extensive tuning for implementations and ignore learning
progress during iterations, our adaptive exploratory ap-
proach boosts learning efficiency with minimal tuning. De-
spite its flexibility, our method achieves a sublinear regret
bound that matches the best-known model-free results for
this class of LQ problems, which were previously derived
only with fixed exploration schedules. Numerical experi-
ments demonstrate that adaptive explorations accelerate
convergence and improve regret performance compared
to the non-adaptive model-free and model-based counter-
parts.

Index Terms— Stochastic Indefinite Linear–Quadratic
Control, Continuous-Time Reinforcement Learning, Actor,
Critic, Data-Driven Exploration, Model-Free Policy Gradient,
Regret Bounds.

I. INTRODUCTION

Linear–quadratic (LQ) control is a cornerstone of optimal

control theory, widely applied in engineering, economics, and

robotics among many others due to its analytical tractabil-

ity and practical relevance. Its theory has been extensively

developed in the classical model-based setting where all the

LQ coefficients are known and given [1], [2]. Assuming the

objective is to minimize the cost functional, a key assumption

in the LQ theory is that the control cost weighting matrix must

be positive definite. Intuitively, this is because if increasing the

level of control is costless or even beneficial, then the optimal
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control would just be infinitely large leading to an ill-posed

problem. [3] finds, however, that certain stochastic LQ control

problems with indefinite cost matrices—including those asso-

ciated with control—can still be well-posed if the diffusion

coefficients depend on the control variable. This seemingly

surprising result actually has a simple explanation: while

benefiting from an indefinite control cost, a larger control is

disadvantageous in terms of increasing the level of uncertainty

because the volatility term depends on control multiplicatively.

Therefore, one needs to carefully choose the optimal level

of control, rendering a well-posed optimization problem. [3]

coins the term “indefinite stochastic LQ control” for such a

problem, and establishes conditions for well-posedness and

solvability via newly introduced generalized Riccati equations.

Subsequent works extend the theory in several directions, in-

cluding infinite-time horizons [4] and connections with linear

matrix inequalities [5], asymptotic properties of the Riccati

solutions [6], and semidefinite programming for numerical

computations [7]. Research on indefinite LQ controls and the

related generalized Riccati equations has been active to this

day; see, e.g., [8]–[11].

All the research on indefinite LQ controls, and indeed most

studies on stochastic controls, are undertaken in a model-based

paradigm where the system coefficients and objective/cost

functionals are fully known. In real-world applications, how-

ever, complete knowledge of model parameters is rarely avail-

able. Many environments exhibit LQ-like structure yet key

parameters in dynamics and objectives may be partially known

or entirely unknown. While one can use historical data to

estimate those model parameters as commonly done in the so-

called “plug-in” approach, estimating some of the parameters

to a required accuracy may not be possible. For instance, it is

statistically impossible to estimate a stock return rate for a very

small period – a phenomenon termed “mean-blur” [12], [13].

On the other hand, objective function values can be highly

sensitive to estimated model parameters, rendering inferior

performances or even complete irrelevance of model-based

solutions [14].

Given the limitations of model-based controls, particularly

the challenges associated with unknown model coefficients,

reinforcement learning (RL) rises to provide a promising rem-

edy. Simply put, RL is stochastic control with unknown model

parameters. Yet it never attempts to estimate any model coef-

ficients, and solves the problem in a fundamentally different

way compared to the classical, model-based stochastic control.
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Within RL, LQ control has also served as a key benchmark

for studying learning in controlled systems. For deterministic

LQ problems, convergence guarantees for learning-based con-

trollers have been obtained; see, for example, [15], [16]. For

systems with identically and independently distributed noises,

regret and finite-sample guarantees for learning-based con-

trollers have been developed, including policy-gradient type

methods; see, for example, [17]–[21]. These results, however,

are all established in discrete time, typically under the as-

sumption that the control does not directly affect the volatility

level of the state dynamics, in contrast to the continuous-

time, state- and control-dependent diffusion setting considered

in this paper. Moreover, their exploration mechanisms are

tailored to discrete-time models and do not directly extend

to continuous-time diffusion dynamics.

A centerpiece of RL, including the works mentioned above,

is exploration, with which the agent interacts with the un-

known environment and improves her policies. The simplest

exploration strategy is perhaps the so-called ϵ-greedy for ban-

dits problem [22]. More sophisticated and efficient exploration

strategies include intrinsic motivation methods that reward

exploring novel or unpredictable states [23]–[29], count-based

exploration that encourages the agent to explore less frequently

visited states [30], [31], go-explore that explicitly stores and

revisits promising past states to enhance sample efficiency

[32], [33], imitation-based exploration which leverages expert

demonstrations [34], and safe exploration methods that rely on

predefined safety constraints or risk models [35], [36]. While

these methods are shown to be successful in their respective

contexts, they are all for discrete-time problems and seem

difficult to be extended to the continuous-time counterparts.

However, most real-life applications are inherently continuous-

time with continuous state spaces and possibly continuous

control spaces (e.g., autonomous driving, robot navigation,

and video game playing). On the other hand, transforming a

continuous-time problem into a discrete-time one upfront by

discretization has shown to be problematic when the time step

size becomes very small [37]–[39].

Thus, there is a pressing need for developing exploration

strategies tailored to continuous-time RL, particularly and

foremost in the LQ setting, for achieving both stability and

learning efficiency. Recent works, such as [40], [41], have

employed constant or deterministic exploration schedules to

regulate exploration parameters and proved to achieve sub-

linear regret bounds. However, these approaches come with

notable drawbacks. They require extensive manual tuning of

the exploration hyperparameters, which considerably increases

computational costs, yet these tuning efforts are typically

not reflected in theoretical analyses and results including

those concerning regret bounds. Moreover, pre-determined

exploration strategies lack adaptability by nature, as they do

not react to the incoming data nor to the current learning

states, typically resulting in slower convergence and increased

variance from excessive exploration or premature convergence

to suboptimal policies from insufficient exploration.

This paper presents a companion research of [40]. We

continue to study the same class of stochastic LQ problems in

[40], which is also of an indefinite LQ type because control

is absent in the objective functional. We develop a data-

driven adaptive exploration framework for both critic (the

value functions) and actor (the control policies). Specifically,

we propose an adaptive exploration strategy that dynamically

adjusts the entropy regularization parameter for the critic and

the stochastic policy variance for the actor based on the agent’s

learning progress. Moreover, we provide theoretical guarantees

by proving the almost sure convergence of both the adaptive

exploration and policy parameters, along with a sublinear

regret bound of O(N
3
4 ). This bound matches the best-known

model-free result from [40], which assumes a nonzero ini-

tial state and uses a fixed/deterministic exploration sched-

ule, whereas we remove this assumption and learn entirely

from data. Finally, we validate our theoretical results through

numerical experiments, demonstrating a faster convergence

and improved regret bounds compared with a model-based

benchmark with fixed exploration. For a comparison with the

previous paper [40], we design experiments with both fixed

and randomly generated model parameters. While theoretically

the regret bounds in the two papers are of the same order,

the numerical experiments show that our adaptive exploration

strategy consistently outperforms and achieves lower regrets.

A distinctive advantage of the RL approach over the tradi-

tional model-based one for indefinite LQ control is that the

latter relies heavily on the generalized (or indefinite) Riccati

equation, which is a highly complex and unconventional Ric-

cati equation. In particular, it involves a positive definiteness

constraint and may be singular due to the indefiniteness of

the control weighting cost [3]. A central task for solving

indefinite LQ control problems has been to solve this equation

analytically or numerically (e.g. [5]–[7], [42], [43]), which

remains open for the most general case in terms of its well-

posedness. By contrast, RL does not need to involve this

equation at all, in the same way that RL gets around the HJB

PDE for a general stochastic control problem.

The remainder of this paper is organized as follows. Section

II formulates the problem. Section III discusses the limitations

of deterministic exploration strategies and presents our data-

driven adaptive exploration mechanism. Section IV describes

the continuous-time LQ-RL algorithm with adaptive explo-

ration. Section V establishes theoretical guarantees, proving

convergence properties and regret bounds. Section VI presents

numerical experiments that validate the effectiveness of our

approach and compare it against model-free and model-based

benchmarks with deterministic exploration schedules. Finally,

Section VII concludes.

II. PROBLEM FORMULATION AND PRELIMINARIES

A. Stochastic LQ Control: Classical Setting

We consider the same stochastic LQ control problem in [40].

The one-dimensional state process xu = {xu(t) ∈ R : 0 ≤
t ≤ T} evolves under the multi-dimensional control process

u = {u(t) ∈ R
l : 0 ≤ t ≤ T} according to the stochastic

differential equation (SDE):

dxu(t) =(Axu(t) +B⊤u(t))dt

+

m∑

j=1

(Cjx
u(t) +D⊤

j u(t))dW
(j)(t),

(1)
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where A and Cj are scalars, B and Dj are l × 1 vectors,

and the initial condition is xu(0) = x0. The noise process

W = {(W (1)(t), . . . ,W (m)(t))⊤ ∈ R
m : 0 ≤ t ≤ T}

is an m-dimensional standard Brownian motion. We assume∑m
j=1 DjD

⊤
j > 0 to ensure well-posedness of the problem

soon to be formulated.

The objective is to find a control process u that maximizes

the expected quadratic reward:

max
u

E

[∫ T

0

−1

2
Qxu(t)2dt− 1

2
Hxu(T )2

]
, (2)

where Q ≥ 0 and H ≥ 0 are scalar weighting parameters.

Note that we maximize the reward functional (with negative

signs), instead of minimizing a cost functional as in the usual

LQ literature, to be consistent with the setting of [40]. Because

there is no penalty on control, the problem is an instance of the

indefinite LQ control [3]. In the classical model-based setting,

such an indefinite problem requires a careful analysis of the

associated indefinite Riccati equation (e.g., [3]). In our model-

free continuous-time RL framework, we do not solve the

Riccati equation, and develop the same theory and algorithm

whether the problem is definite or indefinite.

We are able to treat only the case of one-dimensional

state processes because the method in this paper

crucially depends on the feature that optimal control

turns out to be time-invariant. Specifically, the optimal

feedback control in general takes the form uCL(t, x) =

−
(∑m

j=1 D
⊤
j P (t)Dj

)−1(
B⊤P (t) +

∑m
j=1 D

⊤
j P (t)Cj

)
x,

where P solves the associated matrix Riccati ODE; see [2,

Chapter 6]. When x and therefore P are multi-dimensional,

this control is time variant and our method fails. However,

when x is one-dimensional, the P (t)’s in the above expression

cancel out and the control becomes time independent. The

case of multi-dimensional state processes remains an

outstanding open question.

B. Stochastic LQ Control: RL Setting

We now consider the model-free, RL version of the problem

just formulated, following [44], without assuming a complete

knowledge of the model parameters or relying on parameter

estimation.

In this case, there is no Riccati equation to solve (because its

coefficients are unknown) and no explicit solutions to compute

as in [2, Chapter 6]. Instead, the RL agent randomizes controls

and considers distribution-valued control processes of the form

π = {π(·, t) ∈ P(Rl) : 0 ≤ t ≤ T}, where P(Rl) is the set of

all probability density functions over R
l. The agent employs

the control u = {u(t) ∈ R
l : 0 ≤ t ≤ T}, where u(t) ∈ R

l

is sampled from π(·, t) at each t, to control the original state

dynamic.

According to [44], the system dynamic under a randomized

control π follows the SDE:

dxπ(t) = b̃(xπ(t), π(·, t))dt+
m∑

j=1

σ̃j(x
π(t), π(·, t))dW (j)(t),

(3)

where

b̃(x, π) := Ax+B⊤

∫

Rl

uπ(u)du, (4)

σ̃j(x, π) :=

√∫

Rl

(Cjx+D⊤
j u)

2π(u)du. (5)

To encourage exploration, an entropy term is added to

the objective function. The entropy-regularized value function

associated with a given policy π is defined as

J(t, x;π) = E

[ ∫ T

t

(
−1

2
Q(xπ(s))2 + γpπ(s)

)
ds

− 1

2
H(xπ(T ))2

∣∣∣xπ(t) = x

]
,

(6)

where pπ(t) = −
∫
Rl π(t, u) log π(t, u)du denotes the differ-

ential entropy of π, and γ ≥ 0 is the so-called temperature

parameter, which represents the trade-off between exploration

and exploitation. The optimal value function is then given by

V (t, x) = maxπ J(t, x;π).
Applying standard stochastic LQ control techniques as in

[2, Chapter 6], [40, Section 2.2] derives explicitly the optimal

value function and control for the same problem studied in

this paper, leading directly to

V (t, x) = −1

2
k1(t)x

2 + k3(t), (7)

π(u | t, x) = N
(
u
∣∣∣µ̄x,Σ

)
, (8)

where N (·|µ̄x,Σ) represents a multivariate Gaussian dis-

tribution with mean µ̄x and covariance matrix Σ with

µ̄ = −
(∑m

j=1 DjD
⊤
j

)−1 (
B +

∑m
j=1 CjDj

)
and Σ =

γ
k1(t)

(
∑m

j=1 DjD
⊤
j )

−1. The functions k1 and k3 are deter-

mined by ordinary differential equations:

k′1(t) =−
[
2A+ 2B⊤µ̄+

m∑

j=1

(
D⊤

j µ̄µ̄
⊤Dj + 2CjD

⊤
j µ̄

+ C2
j

)]
k1(t)−Q, k1(T ) = H,

k′3(t) =
k1(t)

2

m∑

j=1

D⊤
j ΣDj −

γ

2
log

(
(2πe)l det(Σ)

)
,

k3(T ) = 0.

(9)

It is clear from (9) that k1(t) > 0 is independent of γ, and

k1, k3 along with their derivatives are uniformly bounded over

[0, T ]. 1

We stress that the above are theoretical results that cannot

be used to compute the optimal solutions because none of the

parameters in the expressions is known; yet they offer valu-

able structural insights for developing the LQ-RL algorithms.

Specifically, the optimal value function (critic) is quadratic in

the state variable x, while the optimal (randomized) feedback

control policy (actor) follows a Gaussian distribution, with its

1Write c := 2A+2B⊤µ̄+
∑m

j=1

(

D⊤

j µ̄µ̄⊤Dj +2CjD
⊤

j µ̄+C2
j

)

. Then

the explicit solution of k1 is k1(t) = −Q/c+(H +Q/c) exp
(

−c(t−T )
)

if c ̸= 0 and k1(t) = H −Q(t− T ) if c = 0.
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mean exhibiting a linear relationship with x. This intrinsic

structure will play a pivotal role in reducing the complexity

of function parameterization/approximation in our subsequent

learning procedure.

C. Exploration in LQ-RL: Actor and Critic Perspectives

In our RL formulation above, both the actor and the critic

engage in controls of exploration. The actor does this through

the variance in the Gaussian policy (8), which represents the

level of additional randomness injected into the interactions

with the environment. The critic, on the other hand, regulates

exploration via the entropy-regularized objective (6), where

the temperature parameter γ determines, if indirectly, the

extent of exploration. Managing exploration properly is both

important and challenging: excessive exploration can cause

instability and hinder convergence, and insufficient exploration

may prevent effective policy improvement. The next section

introduces a data-driven adaptive exploration strategy designed

to address these challenges and optimize policy learning.

III. DATA-DRIVEN EXPLORATION STRATEGY FOR LQ-RL

This section presents the core contribution of this work:

data-driven explorations by both the actor and the critic.

A. Limitations of Deterministic Exploration Strategies

A critical challenge in RL is to design exploration strate-

gies that are both effective and efficient. In the setting of

continuous-time LQ, existing methods [40], [41] employ non-

adaptive strategies by setting exploration levels of both actors

and critics either as fixed constants or some deterministic

schedules of time. While these strategies are proved to have

theoretical guarantees, they exhibit several essential limitations

in learning efficiency and practical implementations.

One major limitation of deterministic explorations lies in

their arbitrary nature. Whether fixed as a constant or a pre-

defined sequence, such a schedule often requires extensive

manual tuning in actual implementations. The tuning process

in turn may introduce significant computational and time

costs for learning; yet these costs are rarely incorporated into

theoretical analyses, creating a disconnect between theoretical

guarantees and practical performance.

Another drawback of deterministic explorations is their lack

of adaptability, as they follow fixed exploration trajectories

regardless of the current states of the iterates, often leading

to both excessive and insufficient explorations. While main-

taining a constant exploration level is clearly ineffective, a

deterministic schedule also suffers from a fundamental limi-

tation: it adjusts the exploration parameter in a predetermined

direction. Consequently, when the current exploration level is

either too high or too low, the fixed schedule not only fails to

correct this but may indeed exacerbate the situation by moving

in the wrong direction. We will illustrate this issue with the

experiments presented in Section VI-C.

To address these limitations, we propose an endogenous,

data-driven approach that adaptively updates both the actor

and critic exploration parameters, which will be shown in the

subsequent sections.

B. Adaptive Critic Exploration

a) Critic Parameterization: Motivated by the form of the

optimal value function in (7), we parameterize the value

function with learnable parameters θ ∈ R
d and temperature

parameter γ ∈ R:

J(t, x;θ, γ) = −1

2
k1(t;θ)x

2 + k3(t;θ, γ), (10)

where both k1 and k3 and their derivatives are continuous.

Both functions can be neural nets; e.g. k1(·;θ) can be, for

example, a positive neural network with a sigmoid activation.

Furthermore, these functions are constructed so that there are

appropriate positive constants c1, c2, c3 such that

1

c2
≤ k1(t;θ) ≤ c2,

∣∣k′1(t;θ)
∣∣ ≤ c1,

∣∣k′3(t;θ, γ)
∣∣ ≤ c3, (11)

for all 0 ≤ t ≤ T , |θ| ≤ c(θ), and |γ| ≤ c(γ), where

c(θ) > 0 and c(γ) > 0 are (fixed) hyperparameters. The values

of c1, c2, c3 are determined by the specific parametric forms

of k1(·;θ) and k3(·;θ, γ), as well as c(θ) and c(γ). 2 The

boundedness assumptions (11) follow from the fact that when

the model parameters are known, the corresponding functions

satisfy the same conditions, as shown in Section II-B.

In what follows, we introduce the subscript n to denote

values at the n-th iteration. For instance, γn represents the

updated value of γ at iteration n, which evolves dynamically

as learning progresses.

b) Data-Driven Temperature Parameter: The temperature

parameter γ plays a crucial role in RL in controlling the weight

on the entropy-regularized term in the objective function (6).

It governs the level of exploration by the critic for the purpose

of balancing between exploration and exploitation. A larger γn
increases the weight on entropy and encourages more explo-

ration, whereas our choice of γn (see (12)) makes it gradually

decrease as learning progresses, shifting the emphasis from

exploration towards exploitation.

In the related literature, γ has been either taken as a

given, exogenous constant hyperparameter [40], [45] or an ad

hoc deterministic sequence of n [41], which in turn requires

extensive tuning in implementations. By contrast, we derive

a data-driven, adaptive temperature schedule endogenously,

guided by the regret analysis. Specifically, the update of γn is

chosen to ensure convergence (which will be shown in the

proof of Theorem 2) and determined by the learned critic

parameter θn and a predefined deterministic sequence bn as

follows

γn =
cγ
∫ T

0
k1(t;θn)dt

bnT
, for n = 0, 1, 2, . . . . (12)

Here cγ > 0 is selected to be sufficiently large so that 1
cγ

is

smaller than the minimum eigenvalue of (
∑m

j=1 DjD
⊤
j )

−1,

and the sequence {bn} is positive and monotonically in-

creasing with bn ↑ ∞, so that γn gradually decreases as

2As will be shown in the subsequent sections, the values of
c1, c2, c3, c(θ), c(γ) do not affect the order of regret bound. The key
requirement here is the boundedness of k1, k′1, and k′3. Our analysis uses
only the bounds in (11), not the explicit functional forms of k1 and k3.
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more exploration has been done. The normalization term∫ T
0

k1(t;θn)dt

T couples the temperature update with the current

critic scale, which makes γn depend on the critic θn in the

general parameterization because the latter is learned from

trajectory data through policy evaluation. This normalization

is tailored to our analysis; see the proof of Theorem 2.

Incidentally, it follows from (11) that

γn =
cγ
∫ T

0
k1(t;θn) dt

bnT
≤ cγc2

bn
→ 0 (13)

as n→ +∞.

C. Adaptive Actor Exploration

a) Actor Parameterization: Motivated by the structure of

the optimal policy in (8), we parameterize the actor using

learnable parameters ϕ ∈ R
l and Γ ∈ S

l
++:

π(u | x;ϕ,Γ) = N (u | ϕx,Γ). (14)

Write the corresponding entropy as pπ(t) = p(t;ϕ,Γ).
b) Adaptive Actor Exploration: The variance parameter Γ

represents the level of exploration controlled by the actor. A

higher variance encourages broader exploration, allowing the

agent to sample diverse actions, while a lower variance focuses

more on exploitation. As will be shown in Sections V and VI,

the adaptive iteration derived gradually reduces Γn as the

learning signal stabilizes, shifting the actor from exploration

towards exploitation. In the existing literature [40], [41], Γn

is chosen to be a deterministic sequence of n. Such a prede-

termined schedule does not account for the agent’s experience

and observed data. Introducing an adaptive Γn enables a more

flexible and efficient exploration strategy.

To achieve this, we apply the continuous-time policy gra-

dient (PG) martingale orthogonality condition of [46, Sec-

tion 3.2, Theorem 5], which specializes in our case to the

following moment condition:

E

[∫ T

0

{
∂ log π

∂Γ
(u(t) | x(t);ϕ,Γ) (dJ(t, x(t);θ, γ)

− 1

2
Qx(t)2dt+ γp(t;ϕ,Γ)dt) + γ

∂p

∂Γ
(t;ϕ,Γ)dt

}]
= 0.

(15)

To enhance numerical efficiency in the resulting stochastic

approximation algorithm, we reparametrize Γ as Γ−1. The

chain rule implies that the derivative of Γ−1 with respect to Γ
is a deterministic and time-invariant term, which can thus be

omitted while preserving the validity of (15). Consequently,

E

[∫ T

0

{
∂ log π

∂Γ−1
(u(t) | x(t);ϕ,Γ) (dJ(t, x(t);θ, γ)

− 1

2
Qx(t)2dt+ γp(t;ϕ,Γ)dt) + γ

∂p

∂Γ−1
(t;ϕ,Γ)dt

}]
= 0.

The corresponding stochastic approximation algorithm then

gives rise to the updating rule for the actor exploration

parameter Γ:

Γn+1 ← Γn − a(Γ)n Zn(T ), (16)

where a
(Γ)
n is the learning rate, and

Zn(s) =

∫ s

0

{
∂ log π

∂Γ−1
(un(t) | t, xn(t);ϕn,Γn)

[
dJ (t, xn(t);θn, γn)−

1

2
Qxn(t)

2dt

+ γnp (t;ϕn,Γn) dt

]
+ γn

∂p

∂Γ−1
(t;ϕn,Γn) dt

}
,

(17)

where 0 ≤ s ≤ T .

In sharp contrast with [40], the fact that Γn is no longer

a deterministic sequence that monotonically decreases to zero

introduces significant analytical challenges. In particular, its

learning rates must be carefully chosen to establish the conver-

gence and convergence rate of Γn; these are done in Section V-

A. These properties are essential for guaranteeing that the

algorithm ultimately attains a sublinear regret bound, and their

implications for overall performance will be discussed in the

subsequent sections.

IV. A CONTINUOUS-TIME RL ALGORITHM WITH

DATA-DRIVEN EXPLORATION

This section presents the development of continuous-time

RL algorithms with data-driven exploration. We discuss the

policy evaluation and policy improvement steps, followed

by a projection technique, time discretization, and the final

pseudocode.

A. Policy Evaluation

To update the critic parameter θ, we employ policy evalu-

ation (PE), a fundamental component of RL that focuses on

learning the value function of a given policy.

Based on the parameterizations of the value function and

policy in (10) and (14) respectively, we update θ by applying

the general continuous-time PE algorithm of [47, Section 4.2,

Proposition 4], i.e., specializing the martingale-orthogonality

conditions therein to our LQ model, which yields

θn+1 ← θn + a(θ)n

∫ T

0

∂J

∂θ
(t, xn(t);θn, γn)

[
−1

2
Qxn(t)

2dt

+ dJ(t, xn(t);θn, γn) + γnp(t;ϕn,Γn)dt

]
,

(18)

where a
(θ)
n is the corresponding learning rate. We also remark

that the above PE method applies equally to definite and

indefinite LQ problems and requires no additional treatment

for the latter.

B. Policy Improvement

The remaining learnable parameter is the mean of the

stochastic Gaussian policy, ϕ. We again apply the continuous-

time PG result of [46, Section 3.2, Theorem 5] to update ϕ

via stochastic approximation:

ϕ← ϕ+ a(ϕ)
n Yn(T ), (19)
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where a
(ϕ)
n is the learning rate and

Yn(s) =

∫ s

0

{
∂ log π

∂ϕ
(un(t) | t, xn(t);ϕn,Γn)

[
−1

2
Qxn(t)

2dt

+ dJ (t, xn(t);θn, γn) + γnp (t;ϕn,Γn) dt

]

+ γn
∂p

∂ϕ
(t;ϕn,Γn) dt

}
,

(20)

where 0 ≤ s ≤ T .

C. Projections

The parameter updates for θ, ϕ, and Γ follow stochastic

approximation (SA), a foundational method introduced by [48]

and extensively studied in subsequent works [49]–[51]. How-

ever, directly applying SA in our setting presents challenges

such as extreme state values and unbounded estimation errors,

which can destabilize the learning process. To address these

issues, we incorporate the projection technique proposed by

[52], ensuring that parameter updates remain in a bounded

region at every iteration.

Define ΠK(x) := argminy∈K |y − x|2, the projection of a

point x onto a set K. We now introduce the projection sets

for all the critic and actor parameters.

First, we define the projection sets for the critic parameter

θ and the temperature parameter γ:

K(θ) =
{
θ ∈ R

d | |θ| ≤ c(θ)
}
,K(γ) =

{
γ ∈ R | |γ| ≤ c(γ)

}
,

(21)

which are employed to enforce the boundedness conditions in

(11). The update rules incorporating projection for θ and γ
are modified to

θn+1 ← ΠK(θ)

(
θn + a(θ)n

∫ T

0

∂J

∂θ
(t, xn(t);θn, γn)

[
dJ (t, xn(t);θn, γn)−

1

2
Qxn(t)

2dt

+ γnp (t;ϕn,Γn) dt

])
,

(22)

γn+1 ← ΠK(γ)

(
cγ
∫ T

0
k1(t;θn)dt

bnT

)
. (23)

Next, we define the projection sets for the actor parameters

ϕ and Γ:

K(ϕ)
n =

{
ϕn ∈ R

l
∣∣∣|ϕn| ≤ c(ϕ)

n

}
,

K(Γ)
n =

{
Γn ∈ S

l
++

∣∣∣|Γn| ≤ c(Γ)n ,Γn −
1

bn
I ∈ S

l
++

}
,

(24)

where {c(ϕ)
n ↑ ∞}, {c(Γ)n ↑ ∞}, and {bn ↑ ∞} are positive,

monotonically increasing sequences, with bn the same deter-

ministic sequence in (12). The specifics of these sequences are

given in Theorem 1. Clearly, the sequences of sets K
(ϕ)
n and

K
(Γ)
n expand over time, eventually covering the entire spaces

R
l and S

l
++, respectively. This ensures that our algorithm

remains model-free without needing to have prior knowledge

of the model parameters. The update rules with projection for

ϕ and Γ are now

ϕn+1 ←Π
K

(ϕ)
n+1

(
ϕn + a(ϕ)

n Yn(T )

)
, (25)

Γn+1 ←Π
K

(Γ)
n+1

(
Γn − a(Γ)n Zn(T )

)
, (26)

where Yn(T ) and Zn(T ) are respectively determined by (20)

and (17).

D. Discretization

While our RL framework is continuous-time in both for-

mulation and analysis, numerical implementation requires dis-

cretization at the final stage. To facilitate this, we divide the

time horizon [0, T ] into uniform intervals of size ∆tn at the

n-th iteration, resulting in discretized rules:3

θn+1 ← ΠK(θ)

(
θn + a(θ)n

⌊ T
∆tn

−1⌋∑

k=0

∂J

∂θ
(tk, xn(tk);θn, γn)

[
J (tk+1, xn(tk+1);θn, γn)− J (tk, xn(tk);θn, γn)

− 1

2
Qxn(tk)

2∆tn + γnp (tk;ϕn,Γn)∆tn

])
,

(27)

γn+1 ← ΠK(γ)

(
cγ
bnT

⌊ T
∆tn

−1⌋∑

k=0

k1(tk;θn)∆tn

)
. (28)

Moreover, Yn(T ) and Zn(T ) in the update rules (25) and (26)

are approximated by

Ŷn(T ) =

⌊ T
∆tn

−1⌋∑

k=0

∆tn

{
∂ log π

∂ϕ
(un(tk) | tk, xn(tk);ϕn,Γn)

[
(J (tk+1, xn(tk+1);θn, γn)− J (tk, xn(tk);θn, γn))

1

∆tn

− 1

2
Qxn(tk)

2 + γnp (tk;ϕn,Γn)

]
+γn

∂p

∂ϕ
(tk;ϕn,Γn)

}
,

(29)

Ẑn(T ) =

⌊ T
∆tn

−1⌋∑

k=0

∆tn

{
∂ log π

∂Γ−1
(un(tk) | tk, xn(tk);ϕn,Γn)

[
(J (tk+1, xn(tk+1);θn, γn)− J (tk, xn(tk);θn, γn))

1

∆tn

− 1

2
Qxn(tk)

2 + γnp (tk;ϕn,Γn)

]
+γn

∂p

∂Γ−1
(tk;ϕn,Γn)

}
.

(30)

3Analysis on discretization errors is covered and discussed in Theorems 2
- 4, and Remark 2.
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E. LQ-RL Algorithm Featuring Data-Driven Exploration

The preceding analysis gives rise to the following RL

algorithm that integrates adaptive exploration:

Algorithm 1 Data-driven Exploration LQ-RL Algorithm

Input: Initial values of learnable parameters θ0,ϕ0, γ0,Γ0

for n = 0 to N do

Initialize k = 0, time t = tk = 0, and state xn(tk) = x0.

while t < T do

Sample action un(tk) from policy by (Eq. (14)).

Update state xn(tk+1) by LQ dynamics (Eq. (1)).

Update time: tk+1 ← tk +∆t, and set t← tk+1.

end while

Collect trajectory data: {(tk, xn(tk), un(tk))}k≥0.

Update value function parameters θn+1 by (Eq. (27)).

Update policy mean parameters ϕn+1 by (Eq. (29)).

Update critic exploration parameter γn+1 by (Eq. (28)).

Update actor exploration parameter Γn+1 by (Eq. (30)).

end for

Output: Final parameters θN ,ϕN , γN ,ΓN .

Algorithm 1 is on-policy: at iteration n, the target policy

πn is updated based on data generated by πn itself. Off-policy

variants within the same continuous-time actor–critic frame-

work are also possible. For example, in the mean–variance

portfolio selection application [53] one learns a deterministic

policy using data generated by Gaussian exploratory policies.

More general off-policy learning theory has been established

in [54] for continuous-time q-learning.

V. REGRET ANALYSIS

This section contains the main contribution of this work:

establishing a sublinear regret bound for the LQ-RL algorithm

with data-driven exploration, presented in Algorithm 1. We

prove that the algorithm achieves a regret bound of O(N
3
4 )

(up to a logarithmic factor), matching the best-known model-

free bound for this class of continuous-time LQ problems as

reported in [40].

To quickly recap the major differences from [40]: 1) the

actor exploration parameter Γn therein is a deterministic

monotonically decreasing sequence of n while we apply policy

gradient for updating Γn; 2) the static temperature parameter

γ is used in [40], whereas in our algorithm γ is adaptively

updated; 3) [40] only considers the case when the initial state

is nonzero (x0 ̸= 0), and our analysis removes this assumption.

These differences beg for a substantially different theoretical

analysis compared with [40]. In particular, the stochastic

update of Γn calls for proving the corresponding almost-sure

convergence and explicit convergence rates (which feed into

the regret bound), and the case of x0 = 0 imposes additional

constraints on the hyperparameters rendering more technical

difficulties in both the convergence and regret analysis.

In the remainder of the paper, we use c (and its

variants) to denote generic positive constants. These

constants depend solely on the model parameters

A,B,Cj , Dj , Q,H, x0, T, γ,m, l, and their values may

vary from one instance to another.

A. Convergence Analysis on γn and Γn

To start, we explore the almost sure convergence of the critic

and actor exploration parameters γn and Γn, together with the

convergence rate of Γn in terms of the mean-squared error

(MSE). Throughout the rest of the paper, for real numbers

a, b we write a ∨ b := max{a, b} and a ∧ b := min{a, b}.
Theorem 1: Consider Algorithm 1 with fixed positive hy-

perparameters c1, c2, c3 and a sufficiently large fixed constant

cγ . Define the sequences:

a(Γ)n = a(ϕ)
n =

α
3
4

(n+ β)
3
4

, bn = 1 ∨ (n+ β)
1
4

α
1
4

,

c(ϕ)
n = 1 ∨ (log logn)

1
6 , c(Γ)n = 1 ∨ log n,∆tn = T (n+ 1)−

5
8 ,

where α > 0 and β > 0 are constants. Then, the following

results hold:

(a) As n → ∞, γn converges almost surely to 0, and Γn

converges almost surely to the zero matrix 0.

(b) For all n, E[|Γn|2] ≤ c (logn)p2 (log logn)
4
3

n
1
2

, where c and

p2 are positive constants.

These results guarantee that the adaptive exploration param-

eters γn and Γn diminish almost surely, and the convergence

rate of Γn is essential for the proof of the regret bound.

The remainder of this subsection is devoted to the proof of

Theorem 1.

Define the conditional expectation of Zn(T ) given the

current parameter iterates as

h(Γ)(ϕn,Γn;θn, γn) = E[Zn(T ) | θn,ϕn, γn,Γn],

as well as the deviation

ξ(Γ)n = Zn(T )− h(Γ)(ϕn,Γn;θn, γn). (31)

The update rule (26) can be rewritten as

Γn+1 = Π
K

(Γ)
n+1

(
Γn − a(Γ)n [h(Γ)(ϕn,Γn;θn, γn) + ξ(Γ)n ]

)
.

(32)

The proof of Theorem 1 is complex and will be subse-

quently broken into several steps for the reader’s convenience.

Here let us highlight the key components of the proof. First,

we analyze the variance of the increment Zn(T ) to ensure that

the stochastic fluctuations along iterations remain controlled

(Section V-A.1). Second, we study the conditional mean,

h(Γ)(ϕn,Γn;θn, γn), and obtain its bound (Section V-A.2).

Third, combining these results with a projected stochastic-

approximation argument, we establish the almost sure conver-

gence of Γn (Section V-A.3). Finally, we derive an iterative

inequality for E[|Γn|2] and prove the desired convergence rate

by mathematical induction (Section V-A.4).

Now we present the proof of Theorem 1.

1) A Variance Upper Bound: The following result estab-

lishes an upper bound on the variance of the increment Zn(T ).
Lemma 1: There exists a constant c > 0 depending solely

on the model parameters such that

Var
(
Zn(T )

∣∣∣θn,ϕn, γn,Γn

)

≤c
(
1 + |ϕn|8 + |Γn|8 + (log bn)

8 + γ8
n

)
exp {c|ϕn|4}.

(33)
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Proof: The proof is similar to that of [40, Lemma B.2]

except that we need to account for the estimates on Γn; so

we will be brief here. It follows from (17) together with Ito’s

lemma (applied to J (t, xn(t);θn, γn)) that

dZn(t) ≜Z(1)
n (t)dt+

m∑

j=1

Z(2,j)
n (t)dW (j)

n (t), (34)

for which we have the following estimates

E[|Z(1)
n (t)|2|θn,ϕn, γn,Γn, xn(t)] ≤ c(1 + |Γn|4)(1 + xn(t)

4

+ |ϕn|4xn(t)
4 + γ2

n + γ2
n(log(det(Γn)))

2),

E[|Z(2,j)
n (t)|2|θn,ϕn, γn,Γn, xn(t)] ≤ c(1 + |Γn|3)(1+

xn(t)
4 + |ϕn|2xn(t)

4 + |Γn|2xn(t)
4 + |ϕn|2|Γn|2xn(t)

2).

Taking expectations in the above conditional on xn(t) and

applying [40, Lemma B.1], we get

E[|Z(1)
n (t)|2 +

m∑

j=1

|Z(2,j)
n (t)|2|θn,ϕn, γn,Γn]

≤c
(
1 + |ϕn|8 + |Γn|8 + (log bn)

8 + γ8
n

)
exp {c|ϕn|4}.

(35)

This establishes the desired inequality.

2) A Mean Increment: We now analyze the mean increment

h(Γ)(ϕn,Γn;θn, γn) in the updating rule (32). Integrating and

taking conditional expectation in (34), the stochastic integral

term vanishes; so only Z
(1)
n contributes to the mean increment.

Moreover, since the control is sampled from a Gaussian

distribution, all the required moments of the control can be

computed explicitly, yielding

h(Γ)(Γn;θn, γn)

=
1

2

∫ T

0

k1(t;θn)dtΓn

(
∑

j

DjD
⊤
j

)
Γn −

γnT

2
Γn.

(36)

Given that h(Γ)(Γn;θn, γn) is quadratic in Γn, we apply

(11) to establish the bound:
∣∣∣h(Γ)(Γn;θn, γn)

∣∣∣ ≤ c(1 + |Γn|2 + γ2
n). (37)

3) Almost Sure Convergence of γn and Γn: We now prove

Part (a) of Theorem 1. Indeed we will present and prove a

more general result that involves a bias term β
(Γ)
n = E[ξ

(Γ)
n |

Gn] (where Gn is defined in Theorem 2), which captures

implementation errors such as the discretization error (see

Remark 2). When β
(Γ)
n = 0, the result simplifies to Theorem

1-(a). Moreover, by the definition of ξ
(Γ)
n in (31) and Lemma 1,

the conditional expectation and moment assumptions on ξ
(Γ)
n

stated in Theorem 2 are automatically satisfied.

Theorem 2: Assume ξ
(Γ)
n satisfies E

[
ξ
(Γ)
n

∣∣∣Gn
]
= β

(Γ)
n and

E

[∣∣∣ξ(Γ)n − β(Γ)
n

∣∣∣
2 ∣∣∣Gn

]

≤c(1 + |ϕn|8 + |Γn|8 + (log bn)
8 + γ8

n) exp {c|ϕn|4},
(38)

where c > 0 is a constant independent of n, and {Gn} is the

filtration generated by {θm,ϕm, γm,Γm;m = 0, 1, 2, ..., n}.

Moreover, assume

(i)0 < a(Γ)n ≤ 1 ∀n,
∑

n

a(Γ)n =∞,
∑

n

a(Γ)n |β(Γ)
n | <∞;

(ii)c(ϕ)
n ↑ ∞, c(Γ)n ↑ ∞, and for 0 ≤ q1, q2, q3, 0 ≤ q4 ≤ 4,
∑

(a(Γ)n )2(c(Γ)n )q1(c(ϕ)
n )q2(log bn)

q3ec(c
(ϕ)
n )q4 <∞;

(iii)bn ≥ 1, bn ↑ ∞,
∑ a

(Γ)
n

bn
=∞,

∑
| 1
bn
− 1

bn+1
| <∞.

(39)

Then, γn
a.s.−−→ 0 and Γn

a.s.−−→ 0.

The convergence of γn is obvious so one needs to focus on

that of Γn. By viewing its iteration as a projected stochastic-

approximation scheme and adapting the almost sure conver-

gence analysis of [52] under relaxed conditions, we obtain the

convergence. A full proof is relegated to Appendix I.

Remark 1: A case satisfying the assumptions in (39) is

when a
(Γ)
n = 1∧ α

3
4

(n+β)
3
4

and bn = 1∨ (n+β)
1
4

α
1
4

, where constants

α > 0, β > 0. c
(ϕ)
n = 1∨(log log n) 1

6 , c
(Γ)
n = 1∨logn, β(ϕ)

n =

0. This is because
∑

1
n = ∞;

∑ (logn)p(log logn)q

nr < ∞,

for any p, q > 0 and r > 1; and
∑ |n− 1

4 − (n + 1)−
1
4 | <

1
4

∑
n− 5

4 <∞ (by the mean–value theorem). Additionally, it

is interesting to note that the assumptions
∑ a(Γ)

n

bn
= ∞ and∑ | 1bn −

1
bn+1
| <∞ are new compared to [40]. This is due to

the implementation of data-driven exploration.

4) Convergence Rate of Γn: We need the following lemmas

for the proof of Theorem 3, now that Γn is updated from

data rather than following a deterministic schedule as in [40].

Specifically, Lemma 2 is used to deal with the term bn in (47),

while Lemma 3 provides the order of |Gn|2 = |Γ∗
n − Γ∗

n+1|2.

Lemma 2: For any W > 0 and any 0 < q < 1, there exist

positive numbers α > 1
W and β ≥ max( 1

Wα−1 ,W
2q−1
1−q α

q
1−q )

such that the sequences ân = α
n+β and an = αq

(n+β)q satisfy

ân ≤ ân+1(1 +Wân+1) and an ≤ an+1(1 +Wan+1) for all

n ≥ 0.

Proof: First,

ân ≤ ân+1(1 +Wân+1)⇔ n+ 1 + β ≤Wαn+Wαβ,

the latter being true for any n when α > 1
W > 0, β ≥

1
Wα−1 > 0.

Next, we have

an ≤ an+1(1 +Wan+1)

⇔(n+ β + 1)q − (n+ β)q ≤Wαq

(
n+ β

n+ β + 1

)q

.
(40)

For the latter inequality in (40), notice that the left-hand side

decreases in n while the right-hand side increases in n. So to

show that this inequality is true for all n, it is sufficient to

show that it is true when n = 0, which is (β + 1)q − βq ≤
Wαq βq

(β+1)q .

Now, for β ≥ 1
Wα−1 , we have β+1 ≤Wαβ. On the other

hand, the mean–value theorem yields (β+1)q −βq ≤ qβq−1.

Hence,

W
2q−1
1−q α

q
1−q ≤β ⇒ (β + 1)q − βq ≤Wαq βq

(β + 1)q
.
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Lemma 3: Let the sequence Ĝn = n−q − (n + 1)−q > 0
for some q > 0. Then Ĝ2

n = O(n−2q−2).
Proof: We have

Ĝ2
n =

[
(n+ 1)q − nq

(n+ 1)qnq

]2
<

[
(n+ 1)q − nq

n2q

]2
.

Applying the mean–value theorem to the function f(x) = xq

and noting that f ′(x) = qxq−1 is a decreasing function for

x > 0, we conclude

[
(n+ 1)q − nq

n2q

]2
<

(qnq−1)2

n4q
= q2n−2q−2.

The following theorem specializes to Theorem 1-(b) when

the bias term β
(Γ)
n = 0.

Theorem 3: Under the same setting of Theorem 2, if the

sequence {ân}, defined as {a
(Γ)
n

bn
}, satisfies

ân ≤ ân+1(1 + wân+1)

for some sufficiently small constant w > 0, and the sequences

{ b3n
a
(Γ)
n

|β(Γ)
n |2} and { b

3
n|Gn|

2

(a
(Γ)
n )3

} are non-decreasing in n, then

there exists an increasing sequence {η̂(Γ)n } and a constant

c′ > 0 such that

E[|Γn+1 − Γ∗
n+1|2] ≤ c′ânη̂

(Γ)
n .

In particular, if the parameters bn, a
(Γ)
n , c

(ϕ)
n , c

(Γ)
n , β

(Γ)
n are set

as in Remark 1, then

E[|Γn|2] ≤ c
(e ∨ log n)p2(1 ∨ log logn)

4
3

n
1
2

where p2 is the same constant appearing in Theorem 2.

The proof of this theorem is lengthy and here we highlight

the key ideas while providing the full proof in Appendix II.

Consider the squared error ρn := E[|Γn − Γ∗
n|2] and use the

recursion for Γn to derive a recursive inequality of the form

ρn+1 ≤ (1−cân)ρn+4â2nη̂
(Γ)
n for a suitably defined step-size

sequence {ân} and auxiliary sequence {η̂(Γ)n }. Applying the

monotonicity of these sequences and adapting the stochastic-

approximation rate analysis in [55] yield the asserted bound.

B. Convergence Analysis of ϕ
n

In this subsection, we investigate the convergence properties

of the actor parameter ϕn for both cases x0 ̸= 0 and x0 = 0.

Theorem 4: Under the same setting of Theorem 1, we have

(a) As n → ∞, ϕn converges almost surely to ϕ∗ =

−
(
∑m

j=1 DjD
⊤
j

)−1(
B +

∑m
j=1 CjDj

)
.

(b) The expected squared error satisfies

E[|ϕn − ϕ∗|2] ≤ c
(log n)p1(log logn)

4
3

n
1
2

, if x0 ̸= 0,

E[|ϕn − ϕ∗|2] ≤ c
(log n)p

′

1(log logn)
4
3

n
1
4

, if x0 = 0,

where c, p1, and p′1 are positive constants only dependent

on the model parameters.

A proof proceeds by separating the cases of x0 ̸= 0 and

x0 = 0. When x0 ̸= 0, one adapts the projected stochastic-

approximation framework used in [40, Theorem 4.1] to our

setting. When x0 = 0, one applies the core ideas from the

proof of Theorem 1. The full proof is provided in Appendix III.

The established convergence of the learned policy underpins

the regret analysis of Algorithm 1. Theorem 4 posits that the

MSE of ϕn depends on whether the initial state x0 is zero or

nonzero; yet both cases ultimately lead to the same sublinear

regret bound, which will be shown in the next subsection.

C. Regret Bound

The regret quantifies the difference between the value

function of the learned policy and that of the oracle optimal

policy. We say that a regret bound is sublinear if the regret

grows strictly slower than linearly in the number of iterations,

N . The average regret over N iterations of an algorithm with

sublinear regret converges to 0 as N →∞, yielding an almost

oracle performance in the long run.

For a stochastic Gaussian policy π = N (·|ϕx,Γ), we denote

J̄(ϕ,Γ) = E

[ ∫ T

0

(
−1

2
Qxπ(s)2

)
ds

− 1

2
Hxπ(T )2

∣∣∣xπ(0) = x0

]
.

(41)

This function evaluates policyN (·|ϕx,Γ) under the original

objective without entropy regularization. The oracle value of

the original problem is J̄(ϕ∗,0).
Theorem 5: Under the same setting of Theorem 1, Algo-

rithm 1 leads to the following regret bounds over N iterations:

N∑

n=1

E
[
J̄(ϕ∗,0)− J̄(ϕn,Γn)

]

≤c+ cN
3
4 (logN)

p1+p2
2 +1(log logN), if x0 ̸= 0,

N∑

n=1

E
[
J̄(ϕ∗,0)− J̄(ϕn,Γn)

]

≤c+ cN
3
4 (logN)

p′1+p2
2 ∨(p′

1+
3
2 )(log logN), if x0 = 0,

where c > 0 is a constant independent of N , and p1, p
′
1, p2

are the same constants given in Theorems 1 and 4.

We defer the full proof to Appendix IV, while outlining

the key ideas here. Using a Feynman–Kac representation,

we express the value function under the Gaussian policy as

a smooth function of (ϕ,Γ) and decompose the one-step

regret into a small number of terms associated with the critic

and actor errors, treating the cases x0 ̸= 0 and x0 = 0
separately. Each term is then bounded using Hölder- and

Cauchy–Schwarz-type inequalities together with the mean-

squared convergence rates from Theorems 1 and 4. Summing

these bounds yields the stated O(N3/4) regret rate.

Remark 2: Discretization errors arising from the time step

size ∆tn are captured by the terms β
(ϕ)
n and β

(Γ)
n . Theorems

2 - 4 suggest that β
(ϕ)
n and β

(Γ)
n should be set to decrease at

the order of n− 3
8 , which can be achieved by setting ∆tn =

T (n+1)−
5
8 . We omit the details here, but refer to [40], [41],

[56] for discussions on time-discretization analyses.
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VI. NUMERICAL EXPERIMENTS

This section reports four numerical experiments to eval-

uate the performance of our proposed exploratory adaptive

LQ-RL algorithm. The first one validates our theoretical

findings by examining the convergence behaviors of ϕ and

Γ and confirming the sublinear regret bound. The second

one compares our model-free approach with a model-based

benchmark [41] adapted to our setting that incorporates state-

and control-dependent volatility. The third one evaluates the

effect of exploration strategies by comparing our approach to a

deterministic exploration schedule [40]. We examine scenarios

where exploration parameters are either overly conservative

or excessively aggressive, demonstrating the advantages of

dynamically adjusting exploration based on observed data

rather than relying on predefined schedules. The final exper-

iment extends the third one by introducing random model

parameters and random initial exploration parameter values,

capturing real-world situations where no prior knowledge of

the environment is available. This last experiment further

demonstrates the effectiveness of the data-driven exploration

mechanism in adapting to the environment.

For all the experiments, we set the control dimension and

Brownian motion dimension to be l = 1 and m = 1. Under

this setting, the LQ dynamics are simplified to

dxu(t) = (Axu(t) +Bu(t))dt+ (Cxu(t) +Du(t))dW (t).
(42)

Moreover, we set all the model parameters

A,B,C,D,Q,H, x0, and T to be 1 and use a time

step of ∆t = 0.01 for the first three experiments. See also

Appendix V for the replicability of our experiments.

A. Numerical Validation of Theoretical Results

To validate the theoretical results on the convergence rates

and regret bounds, we focus on the actor parameters Γ and ϕ.

We conduct 100 independent runs, each consisting of 100,000

iterations to capture long-term behavior. Convergence rates

and regret are plotted in Figure 1 using a log-log scale, where

the logarithm of the MSE (for convergence) or regret is plotted

against the logarithm of the number of iterations.

The theoretical convergence rates in Theorems 1 and 4 have

both orders of n−1/2, while the regret bound in Theorem 5 is

of order N3/4, all up to logarithmic factors. On a log–log plot,

a rate of order nα appears as an approximately straight line

with slope α. With linear regression, which is commonly used

to estimate empirical convergence rates or regrets (see, e.g.,

[57], [58]), Figures 1a and 1b show slopes of about −0.51 and

−0.52 for Γn and ϕn, respectively, and Figure 1c indicates

a regret slope of about 0.73, all of which are close to the

theoretical values− 1
2 and 3

4 . Therefore, these numerical results

are consistent with the theoretical analysis and confirm the

long-term effectiveness of our learning algorithm.

B. Model-Free vs. Model-Based

Under the same setting, we compare our model-free LQ-

RL algorithm with data-driven exploration to the recently de-

veloped model-based method with a deterministic exploration

0.0 2.5 5.0 7.5 10.0
Log Iterations

−4

−3

−2

−1

0

1

2

Lo
g 

M
SE

 o
f Γ

Log MSE
99% Confidence Interval
Linear Regression
y = -0.51x + 1.89

(a) MSE of Γ

0.0 2.5 5.0 7.5 10.0
Log Iterations

−5

−4

−3

−2

−1

0

1

Lo
g 

M
SE

 o
f ϕ

Log MSE
99% Confidence Interval
Linear Regression
y = -0.52x + 1.52

(b) MSE of ϕ

0.0 2.5 5.0 7.5 10.0
Log Iterations

0

2

4

6

8

Lo
g 

Ex
pe

ct
ed

 R
eg

re
t

Log Expected Regret
99% Confidence Interval
Linear Regression
y = 0.73x + 0.83

(c) Regret

Fig. 1: Log-log plot of Algorithm 1.

Method MSE slope of ϕn Regret slope

Model-free (this paper) −0.52 0.73
Model-based benchmark −0.25 0.84

TABLE I: Empirical slopes (log–log) of the MSE of ϕn and

the regret for the model-free and model-based algorithms.

schedule [41], which estimates parameters A and B in the drift

term under the assumption of a constant volatility. To cover

the settings with state- and control-dependent volatilities, [40]

modified the algorithm in [41] by incorporating estimations of

also C and D, which we adopt in our experiment.
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Fig. 2: Log-log plot of model-based LQ-RL algorithm with

fixed exploration schedule.

Figure 2a shows that the model-based counterpart exhibits

a significantly slower convergence rate for ϕ with a slope of

−0.25. Moreover, Figure 2b indicates a worse regret with a

slope of 0.84, considerably larger than that of ours.4

These differences are also summarized in Table I for a direct

comparison.

4Γ follows a fixed schedule in the model-based benchmark; hence its plot
is uninformative and omitted.
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C. Adaptive vs. Fixed Explorations

Now, we compare two model-free continuous-time

LQ-RL algorithms: ours with data-driven exploration

(LQRL Adaptive) and the one by [40] with fixed exploration

schedules (LQRL Fixed). Both algorithms follow the same

fundamental framework, with the key distinction being how

exploration is carried out. In Section III-A, we outlined

several drawbacks associated with deterministic exploration

schedules. To illustrate them more concretely, we analyze

two scenarios where a pre-determined exploration is either

excessive or insufficient.

For comparison, we examine the trajectories of the actor

exploration parameter Γ and the regrets over iterations.5 Both

algorithms share exactly the same experimental setup, and

we conduct 1,000 independent runs to observe the overall

performances.

a) Excessive Exploration with a Near-Optimal Policy: We first

consider a scenario where the policy parameter is initialized

at ϕ0 = −1.8, which is close to its optimal value ϕ∗ = −2.

As the initial policy is already nearly optimal, exploration is

not highly necessary. However, the initial exploration levels

by both the critic and actor are set excessively high at γ0 =
Γ0 = 20.
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Fig. 3: Comparison of exploration level and regret under

excessive initial exploration.

Figure 3a shows that while both algorithms start with an

unnecessarily high level of Γ, LQRL Adaptive rapidly adjusts

Γ downward, having effectively learned that exploration is less

needed in this setting. By contrast, LQRL Fixed follows a

predetermined decay in Γ and remains at a consistently higher

level. As a result, Figure 3b demonstrates that LQRL Adaptive

achieves lower regret, indicating a more efficient learning pro-

cess by dynamically adapting exploration to the circumstances.

b) Insufficient Exploration with a Poor Policy: We now ex-

amine an opposite scenario where ϕ0 starts at 0, relatively far

away from its optimal value ϕ∗ = −2. The initial exploration

parameters are set too low at γ0 = Γ0 = 0.02, creating a

situation where increased exploration is crucial for effective

learning.

Figure 4a shows that LQRL Adaptive rapidly increases Γ
from its initial low value of 0.02 to nearly 1, maintain-

ing a higher exploration level than LQRL Fixed throughout.

By contrast, LQRL Fixed follows a predetermined decaying

schedule, reducing Γ even further over iterations, which is

5The temperature parameter γ is not compared, as it remains fixed in [40].
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Fig. 4: Comparison of exploration level and regret under

insufficient initial exploration.

counterproductive in this case where greater exploration is

called for. As a result, Figure 4b demonstrates an even larger

performance gap in regret compared to the previous scenario,

further underscoring the benefits of adaptively adjusting ex-

ploration for learning.

D. Adaptive vs. Fixed Explorations: Randomized Model

Parameters

In the final experiment, we evaluate the robustness of the

comparison between LQRL Adaptive and LQRL Fixed in a

setting where model parameters and initial exploration levels

are randomly generated, mimicking real-world scenarios with

no prior knowledge of the environment and no pre-tuning of

exploration parameters. Specifically, for each simulation run,

the model parameters A,B,C, and D are sampled from a

uniform distribution U(−5, 5), while the initial exploration

levels of γ0 and Γ0 follow U(0, 5). The initial policy parameter

is set to be ϕ0 = 0 as a neutral starting point. To ensure the

reliability of the experiment, we conduct 10, 000 independent

runs.
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Fig. 5: Comparison of regrets under randomized environments.

Figure 5 demonstrates that LQRL Adaptive significantly

outperforms LQRL Fixed, with the performance gap widening

as the number of iterations increases. While the former is

expected to be more computationally costly due to multiple

adaptive update steps, its wall-clock runtime was less than 5%
higher than that of the latter in this experiment (approximately

4h25 vs. 4h13 on our machine). So the extra updates of γn
and Γn incur negligible computational overhead vis-à-vis the

substantial performance gain.

VII. CONCLUSIONS

This paper is a continuation of [40], aiming to develop

a model-free continuous-time RL framework for a class of
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indefinite stochastic LQ problems with state- and control-

dependent volatilities. A key contribution, compared to [40], is

the introduction of a data-driven exploration mechanism that

adaptively adjusts both the temperature parameter controlled

by the critic and the stochastic policy variance managed by

the actor. This approach overcomes the limitations of fixed

exploration schedules, which often require extensive tuning

and incur unnecessary exploration costs. While the theoreti-

cally proved sublinear regret bound of O(N
3
4 ) is the same as

that in [40], numerical experiments confirm that our adaptive

exploration strategy significantly improves learning efficiency

compared to [40].

Research on model-free continuous-time RL is still in the

very early innings. To our best knowledge [40], [59] are the

only works on regret analysis in the realm, largely because

the problem is extremely challenging. We focus on the same

LQ problem in [40] because this is the problem that we

are able to solve at the moment, one nevertheless that may

serve as a starting point for tackling more complex problems.

Meanwhile, it remains an interesting open question whether

adaptive exploration strategies also theoretically improve the

regret bound, which is observed from our numerical experi-

ments. Besides serving as a theoretical benchmark, the class

of LQ problems studied here arises naturally in several applied

domains. A prominent example is continuous-time mean–

variance portfolio selection [53], where the state variable,

namely the wealth process, is inherently one-dimensional

and the problem is automatically of an LQ structure. Other

examples include surplus or cash-flow management in finance

and production or inventory control in manufacturing. In those

cases, the proposed model-free actor–critic method can be ap-

plied directly using sampled and observed trajectories, without

requiring model identification. Finally, our framework relies

on entropy regularization and policy variance for exploration,

which may be enhanced by goal-based constraints/rewards

to improve sampling efficiency. All these provide promising

avenues for future research, driving further advancements in

data-driven exploration and continuous-time RL.

APPENDIX I

PROOF OF THEOREM 2

Proof: It is straightforward to see that γn almost surely

converges to 0. To prove the almost sure convergence of Γn,

the key idea is to establish inductive upper bounds on |Γn|2,

namely to bound |Γn+1|2 by a function of |Γn|2.

Define the deviation term U
(Γ)
n = Γn − Γ∗

n, where Γ∗
n is

given by:

Γ∗
n =

γnT∫ T

0
k1(t;θn)dt

(
m∑

j=1

DjD
⊤
j )

−1. (43)

By the adaptive temperature parameter γn in (12), Γ∗
n can

be rewritten as:

Γ∗
n =

cγ
bn

(

m∑

j=1

DjD
⊤
j )

−1, (44)

where we recall cγ > 0 is such that 1
cγ

is smaller than

the minimum eigenvalue of (
∑m

j=1 DjD
⊤
j )

−1, denoted as

λmin((
∑m

j=1 DjD
⊤
j )

−1). Thus Γ∗
n > 1

bn
I . Since bn ↑ ∞,

Γ∗
n decreases in n, leading to the positive matrix difference:

Gn = Γ∗
n − Γ∗

n+1 > 0.

We now show the almost sure convergence of U
(Γ)
n to

0. Consider sufficiently large n such that Γ∗
n ∈ K

(Γ)
n+1. By

applying the general projection inequality |ΠK(y) − x|2 ≤
|y − x|2, we have

E

[
|U (Γ)

n+1|2
∣∣∣Gn
]

≤E
[
|U (Γ)

n − a(Γ)n [h(Γ)(Γn;θn, γn) + ξ(Γ)n ] +Gn|2
∣∣∣Gn
]

≤|U (Γ)
n |2 − 2a(Γ)n ⟨U (Γ)

n , h(Γ)(Γn;θn, γn)⟩+ (1 + |U (Γ)
n |2)

(a(Γ)n |β(Γ)
n |+ |Gn|) + 4(a(Γ)n )2

(
|h(Γ)(Γn;θn, γn)|2

+ |β(Γ)
n |2 + |

Gn

a
(Γ)
n

|2 + E

[∣∣∣ξ(Γ)n − β(Γ)
n

∣∣∣
2 ∣∣∣Gn

])
.

Recall that 1
bn
| ≤ |Γn| ≤ c

(Γ)
n almost surely. By (21), (24),

(37), and (38), we can further derive that

E

[
|U (Γ)

n+1|2
∣∣∣Gn
]
≤ (1 + κ(Γ)

n )|U (Γ)
n |2 − ζ(Γ)n + η(Γ)n ,

where κ
(Γ)
n = a

(Γ)
n |β(Γ)

n |+ |Gn|,
ζ
(Γ)
n = 2a

(Γ)
n ⟨U (Γ)

n , h(Γ)(Γn;θn, γn)⟩, and

η(Γ)n =a(Γ)n |β(Γ)
n |+ |Gn|+ 4(a(Γ)n )2

{
c(1 + (c(Γ)n )4)

+ c(1 + (c(ϕ)
n )8 + (c(Γ)n )8 + (log bn)

8) exp {c(c(ϕ)
n )4}

+ |β(Γ)
n |2 + |

Gn

a
(Γ)
n

|2
}
.

Next, we prove that
∑ |Gn| < ∞ and

∑ |Gn|2 < ∞. By

the assumption (iii) in (39) along with (44), we obtain

∞∑

n=0

|Gn| =
∞∑

n=1

|Γ∗
n − Γ∗

n+1| < c

m∑

j=1

| 1
bn
− 1

bn+1
| <∞.

(45)

Furthermore, since bn ↑ ∞, n0 =
inf {n′ ∈ N : |Gn| < 1 for all n ≥ n′} < ∞. Therefore,

(45) yields

∞∑

n=1

|Gn|2 <

n0−1∑

n=1

|Gn|2 +
∞∑

n=n0

|Gn| <∞. (46)

By the assumptions (i)-(ii) of (39), as well as (45) and (46),

we know
∑

κ
(Γ)
n <∞ and

∑
η
(Γ)
n <∞. It then follows from

[60, Theorem 1] that

∣∣∣U (Γ)
n

∣∣∣
2

converges to a finite limit and
∑

ζ
(Γ)
n <∞ almost surely.

It suffices to show |U (Γ)
n | → 0 almost surely. The equations

(24) and (36) imply

ζ(Γ)n ≥a
(Γ)
n T

bnc2
λmin(

m∑

j=1

DjD
⊤
j )|U (Γ)

n |2.

Now, suppose |U (Γ)
n |2 → c almost surely, where 0 < c <∞

is a constant. Then there exists a set Z ∈ F with P(Z) > 0
so that for every ω ∈ Z, there exists a measurable set Z ∈ F
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with P(Z) = 1 such that, for every ω ∈ Z, there exists a

constant 0 < δ(ω) < c satisfying

|U (Γ)
n |2 = |Γn−Γ∗

n|2 ≥ c−δ(ω) > 0 for sufficiently large n.

Thus, by the assumption (iii) of (39),

∑
ζ(Γ)n ≥ T

c2
(c− δ(ω))λmin(

m∑

j=1

DjD
⊤
j )
∑ a

(Γ)
n

bn
=∞.

This is a contradiction, proving that Γn
a.s.−−→ Γ∗

n. However,

Γ∗
n converges to 0 almost surely. Hence, Γn

a.s.−−→ 0 as well.

APPENDIX II

PROOF OF THEOREM 3

Proof: First, it follows from (24) and (36) that

⟨U (Γ)
n , h(Γ)(Γn;θn, γn)⟩

≥ T

2bnc2
λmin(

m∑

j=1

DjD
⊤
j )|U (Γ)

n |2 :=
c̃

bn
|U (Γ)

n |2,
(47)

where c̃ = T
2c2

λmin(
∑m

j=1 DjD
⊤
j ) > 0.

Define n1 = inf{n ∈ N : Γ∗
n ∈ K

(Γ)
n+1}. For n ≥ n1, we

follow a similar reasoning as in the proof of Theorem 2 to get

E

[
|U (Γ)

n+1|2
∣∣∣Gn
]
≤ (1− c̃

a
(Γ)
n

bn
)|U (Γ)

n |2 + 4
(a

(Γ)
n )2

b2n
b2n

(
|h(Γ)(Γn;θn, γn)|2 + (1 + | bn

2c̃a
(Γ)
n

|)|β(Γ)
n |2

+ | bnG
2
n

2c̃(a
(Γ)
n )3

|+ | Gn

a
(Γ)
n

|2 + E

[∣∣∣ξ(Γ)n+1 − β(Γ)
n

∣∣∣
2 ∣∣∣Gn

])
.

(48)

Moreover, the assumptions in (39) imply that (1 +

| bn
2c̃a

(Γ)
n

|)|β(Γ)
n |2 ≤ c( bn

a
(Γ)
n

|β(Γ)
n |2) and

|Gn|
2

(a
(Γ)
n )2

≤ c( bn|Gn|
2

(a
(Γ)
n )3

) for

some constant c > 0. When n ≥ n1, in view of (21), (24),

(37), and (38), it follows from (48) that

E

[
|U (Γ)

n+1|2
∣∣∣Gn
]
≤ (1− c̃ân)|U (Γ)

n |2 + 4â2nη̂
(Γ)
n ,

where

η̂(Γ)n =cb2n

(
1 + (c(ϕ)

n )8 + (c(Γ)n )8 + (log bn)
8 +

bn|β(Γ)
n |2

a
(Γ)
n

+
bn|Gn|2

(a
(Γ)
n )3

)
exp {c(c(ϕ)

n )4},
(49)

which is monotonically increasing because c
(ϕ)
n , c

(Γ)
n , bn are

monotonically increasing and
b3n
a
(Γ)
n

|β(Γ)
n |2,

b3n|Gn|
2

(a
(Γ)
n )3

are non-

decreasing by the assumptions. Taking expectations on both

sides of the above and denoting ρn = E[|U (Γ)
n |2], we get

ρn+1 ≤ (1− c̃ân)ρn + 4â2nη̂
(Γ)
n (50)

when n ≥ n1.

Next, we show ρn+1 ≤ c′ânη̂
(Γ)
n for all n ≥ 0, where

c′ = max{ ρ1

â0η̂
(Γ)
0

, ρ2

â1η̂
(Γ)
1

, · · · , ρn1+1

ân1
η̂
(Γ)
n1

, 4
c̃} + 1. Indeed, it is

true when n ≤ n1. Assume that ρk+1 ≤ c′akη̂
(Γ)
n is true for

n1 ≤ k ≤ n− 1. Then (50) yields

ρn+1 ≤ (1− c̃ân)ρn + 4â2nη̂
(Γ)
n

≤ (1− c̃ân)c
′ân−1η̂1,n−1 + 4â2nη̂

(Γ)
n

≤ (1− c̃ân)c
′ân(1 + wân)η̂

(Γ)
n + 4â2nη̂

(Γ)
n

= c′ânη̂
(Γ)
n + c′η̂(Γ)n â2n

(
w − c̃− c̃wân +

4

c′

)
.

Consider the function

f(x) = c′η̂(Γ)n x2

(
w − c̃− c̃wx+

4

c′

)
,

which has two roots at x1,2 = 0 and one root at x3 =
w−(c̃− 4

c′
)

cw . Because c̃− 4
c′ > 0, we can choose 0 < w < c̃− 4

c′

so that x3 < 0. So f(x) < 0 when x > 0, leading to

c′η̂(Γ)n â2n

(
w − c̃− c̃wân +

4

c′

)
< 0, ∀n

because ân > 0. We have now proved E[|U (ϕ)
n+1|2] ≤ c′ânη̂

(Γ)
n .

In particular, under the setting of Remark 1 and by Lemma

3, we can verify that
b3n
a
(Γ)
n

|β(Γ)
n |2 and

b3n|Gn|
2

(a
(Γ)
n )3

are non-

decreasing sequences of n, and ân = Θ(n−1). Then

η̂(Γ)n ≤ cn
1
2 (e ∨ log n)p2(1 ∨ log logn)

4
3 , (51)

where c and p2 are positive constants. Since n ≥ 1, it follows

that

E[|Γn+1 − Γ∗
n+1|2] ≤ c

(e ∨ log n)p2(1 ∨ log logn)
4
3

n
1
2

≤c (e ∨ log(n+ 1))p2(1 ∨ log log(n+ 1))
4
3

(n+ 1)
1
2

(n+ 1)
1
2

n
1
2

≤c
√
2
(e ∨ log(n+ 1))p2(1 ∨ log log(n+ 1))

4
3

(n+ 1)
1
2

.

Finally, noting that Γ∗
n converges to 0 with the rate of 1

bn
by (44), we have

E[|Γn|2] =E[|Γn − Γ∗
n + Γ∗

n|2] ≤ E[|Γn − Γ∗
n|2] + E[|Γ∗

n|2]

≤c′ (e ∨ log n)p2(1 ∨ log logn)
4
3

n
1
2

+ c′
α

1
2

(n+ β)
1
2

≤c (e ∨ log n)p2(1 ∨ log logn)
4
3

n
1
2

.

The proof is complete.

APPENDIX III

PROOF OF THEOREM 4

Proof: When x0 ̸= 0, the proof is similar to that of [40,

Theorem 4.1] with only minor modifications needed. When

x0 = 0, the proof becomes more delicate as the convergence

behavior of ϕ now depends explicitly on the actor exploration

parameter Γ. Here, we highlight the differences needed.

Denote

h(ϕ)(ϕn,Γn;θn, γn) = E[Yn(T ) | θn,ϕn, γn,Γn],
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and the noise

ξ(ϕ)
n = Yn(T )− h(ϕ)(ϕn,Γn;θn, γn).

The updating rule (25) for ϕ is now

ϕn+1 = Π
K

(ϕ)
n+1

(ϕn + a(ϕ)
n [h(ϕ)(ϕn,Γn;θn.γn) + ξ(ϕ)

n ]).

(52)

Similar to [40, Section B], we obtain

h(ϕ)(ϕn,Γn;θn, γn) = −l(ϕn,Γn;θn, γn)(ϕn − ϕ∗), (53)

where

l(ϕn,Γn;θn, γn) = (

m∑

j=1

DjD
⊤
j )

∫ T

0

k1(t;θn)E[xn(t)
2]dt.

(54)

When x0 ̸= 0, we have l(ϕn,Γn;θn, γn) ≥ c̄I , where 0 <
c̄′ < 1 is independent of Γn. The same proof of [40, Theorem

4.1] then applies.

However, when x0 = 0,

l(ϕn,Γn;θn, γn) ≥ (

m∑

j=1

DjD
⊤
j )

∫ T

0

c′|Γn|t
c2

dt

=
(
∑m

j=1 DjD
⊤
j )T

2c′

2c2
|Γn| ≥ c̄′|Γn|I.

(55)

Thus l no longer admits a uniform lower bound strictly away

from 0 because Γn → 0. To get around this, for establishing

part (a), we make use of the condition
∑ a(ϕ)

n

bn
= ∞, which

ensures that the argument in proving [40, Theorem B.3]

remains valid. (Notice that the hyperparameters a
(ϕ)
n and bn

specified in Theorem 1 also satisfy this condition.) On the

other hand, for proving part (b), we reinterpret ân =
a(ϕ)
n

bn
as

the effective learning rate and follow the strategy outlined in

the proof of Theorem 3. This adjustment allows the analysis

in [40, Appendix B.6] to be carried over to our setting.

APPENDIX IV

PROOF OF THEOREM 5

Proof: Following [40, Lemma B.7, B.8], we have

J̄(ϕ,Γ) = f(a(ϕ)) + (

m∑

j=1

D⊤
j ΓDj)g(a(ϕ)), (56)

where

a(ϕ) = 2A+ 2B⊤ϕ+

m∑

j=1

(C2
j + 2CjD

⊤
j ϕ+D⊤

j ϕϕ
⊤Dj),

(57)

and

f(a) =

{
x2
0(−H−QT )

2 if a = 0,
1
2a (Q− eaTQ−HeaTa)x2

0 if a ̸= 0,
(58)

g(a) =

{
T (−2H−QT )

4 if a = 0,
1

2a2 (QTa+Q+Ha− eaTQ−HeaTa) if a ̸= 0.
(59)

Clearly, both f and g are continuously differentiable, non-

increasing, and strictly negative everywhere.

Next, we present the proofs under x0 ̸= 0 and x0 = 0.

Case I: x0 ̸= 0. By (56), we have

J̄(ϕ∗, 0)− J̄(ϕn,Γn)

=[f(a(ϕ∗))− f(a(ϕn))]− (

m∑

j=1

D⊤
j ΓnDj)g(a(ϕ

∗))

+ (

m∑

j=1

D⊤
j ΓnDj)[g(a(ϕ

∗))− g(a(ϕn))].

(60)

The goal is to establish bounds for the three terms on the

right-hand side of (60), adapting the arguments of the proof

of [40, Theorem 4.2] to the current setting. The first term,

f(a(ϕ∗))−f(a(ϕn)), can be bounded exactly as in the proof

of [40, Theorem 4.2], since it does not involve Γn. For the

second term,
(∑

j D
⊤
j ΓnDj

)
g(a(ϕ∗)), and the third term,(∑

j D
⊤
j ΓnDj

)
[g(a(ϕ∗)) − g(a(ϕn))], although Γn is now

stochastic rather than deterministic, the bounds can still be

derived by utilizing part (b) of Theorem 1 and applying the

Hölder and Cauchy–Schwarz inequalities. These modifications

allow the original argument in the proof of [40, Theorem 4.2]

to follow through.

Case II: x0 = 0. It follows from (58) that f(a(ϕ)) = 0 for

any ϕ. Hence

J̄(ϕ∗, 0)− J̄(ϕn,Γn)

=− (

m∑

j=1

D⊤
j ΓnDj)g(ϕ

∗) + (

m∑

j=1

D⊤
j ΓnDj)(g(ϕ

∗)− g(ϕn)).

(61)

The bound for the term
(∑

j D
⊤
j ΓnDj

)
g(a(ϕ∗)) can be

derived exactly as with the second term in Case I. Moreover,

utilizing the MSE of ϕn for x0 = 0, we can also derive the

bound for the other term, (
∑

j D
⊤
j ΓnDj)(g(ϕ

∗) − g(ϕn)),
analogously to Case I.

APPENDIX V

MORE DETAILS FOR NUMERICAL EXPERIMENTS

To ensure full replicability, we set the random seed from

1 to 100 for each independent run in both LQRL Adaptive

and the model-based benchmark in the first and second exper-

iments. For the third experiment comparing LQRL Adaptive

and LQRL Fixed, we set the random seed from 1 to 1,000

for each independent run in both scenarios. For the fourth

experiment under the randomized environment, we set the

random seed from 1 to 10,000.

The setup for our first experiment using the model-free

algorithm with data-driven exploration (LQRL Adaptive), Al-

gorithm 1, is as follows. The initial policy mean parameter

is set to ϕ0 = −1.1, with the actor and critic exploration

levels initialized at Γ0 = 0.5 and γ0 = 2, respectively.

The learning rates are specified by a
(ϕ)
n = 0.05

(n+1)3/4
and

a
(Γ)
n = 1

(n+1)3/4
. For computational efficiency, the projection

sets are defined as [−2.25,−1.1] for ϕn and [0, 1] for Γn.

Although the projections were originally specified for theoret-

ical convergence guarantees, they are slightly modified in our

experiments to accelerate convergence. The projection sets for
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θ and γ remain unbounded. The deterministic sequence bn is

chosen as bn = 20max(1, (n+1)1/4). Additionally, we use the

simplified critic specification k1(t;θ) ≡ 1 and k3(t;θ, γ) ≡ 0,

which trivially satisfies the boundedness conditions in (11).

Under this specialization, the temperature update reduces to

γn = cγ/bn. Thus, the numerical implementation corresponds

to a special case of the general adaptive critic update (12).

This simplification is used to avoid introducing a critic neural-

network so as to save computational cost. In this sense, the

experiments provide a conservative implementation of the

proposed framework, showing that strong empirical perfor-

mance can already be obtained under a simple bounded critic

specification. Note that this does not contradict the general

theoretical framework, since the convergence and regret anal-

ysis only requires the bounds in (11) and does not rely on

the explicit functional forms of k1 and k3. More general

choices, including neural-network parameterizations satisfying

(11), can be incorporated directly into Algorithm 1 through the

policy-evaluation update (27).

The model-based benchmark is adapted from [41] and

extended by [40, Algorithm A.1] to accommodate state- and

control-dependent volatility in our setting. The initial param-

eter estimations are set to be A = B = C = D = 10,

resulting in the same initial ϕ0 = −1.1 as in LQRL Adaptive.

The initial exploration level Γ0 = 0.5 is also matched. The

deterministic exploration schedule follows Γn = 0.5(n +
1)−1, consistent with [40]. Finally, the projection set for

ϕn remains [−2.25,−1.1], aligning with the setup used in

LQRL Adaptive.

For all the plots in the first and second experiments, for both

our adaptive model-free algorithm and model-based bench-

marks, regression lines are fitted using data from iterations

5,000 to 100,000. This avoids the influence of early-stage

learning noise. In all the regret plots, we use the median and

exclude extreme values; similar conclusions hold when using

the mean instead.

In our third experiment, comparing LQRL Adaptive and

LQRL Fixed, most settings remain identical to the first ex-

periment, except that the bounds c
(ϕ)
n and c

(Γ)
n are set to be

20 to accommodate the scenarios under consideration. For the

fourth experiment, to account for potentially large values of ϕ

and Γ due to random model parameters, we further increase

the bounds c
(ϕ)
n and c

(Γ)
n to be 100.
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